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In recent years, fractional differential equations have gained
importance and popularity, mainly due to its demonstrated
applications in numerous seemingly diverse ﬁelds of science
and engineering. For example, the nonlinear oscillation of
earthquake can be modeled with fractional derivatives and
the ﬂuid-dynamic trafﬁc model with fractional derivatives
can eliminate the deﬁciency arising from the assumption of
continuum trafﬁc ﬂow. The fractional differential equations
are also used in modeling of many chemical processes,0905223.
gmail.com (J. Singh), deven-
iitbhu28@gmail.com (S. Ku-
Shams University.
g by Elsevier
y. Production and hosting by Elsev
09mathematical biology and many other problems in physics
and engineering [1–13].
In this paper, the HPTM basically illustrates how the La-
place transform can be used to approximate the solutions of
the linear and nonlinear fractional differential equations by
manipulating the homotopy perturbation method. The pertur-
bation methods which are generally used to solve nonlinear
problems have some limitations e.g., the approximate solution
involves series of small parameters which poses difﬁculty since
majority of nonlinear problems have no small parameters at
all. Although appropriate choices of small parameters some
time leads to ideal solution but in most of the cases unsuitable
choices lead to serious effects in the solutions. The homotopy
perturbation method (HPM) was ﬁrst introduced by He [14].
The homotopy perturbation method was also studied by many
authors to handle linear and nonlinear equations arising in
physics and engineering [15–18]. The homotopy perturbation
transform method (HPTM) is a combination of Laplace
transform method, homotopy perturbation method (HPM)
and He’s polynomials. In recent years, many authors have paidier B.V. All rights reserved.
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differential equations by using various methods combined with
the Laplace transform. Among these are Laplace decomposi-
tion method [19–23] and homotopy perturbation transform
method [24–26].
In this paper, we consider the following nonlinear fractional
Fornberg–Whitham equation of the form:
Dat uDxxtuþDxu¼ uDxxxuuDxuþ3DxuDxxu; t> 0; 0< a6 1; ð1Þ
with the initial condition
uðx; 0Þ ¼ exp x
2
 
; ð2Þ
where a is parameter describing the order of the fractional
Fornberg–Whitham equation. The function u(x, t) is the ﬂuid
velocity, t is the time and x is the spatial coordinate. The frac-
tional derivatives are understood in the Caputo sense. The gen-
eral response expression contains parameters describing the
order of the fractional derivatives that can be varied to obtain
various responses. In the case of a= 1 the fractional
Fornberg–Whitham equation reduces to the classical nonlinear
Fornberg–Whitham equation. Fornberg and Whitham
obtained a peaked solution of the form uðx; tÞ ¼
A exp  1
2
x 4t
3
  , where A is an arbitrary constant. The non-
linear fractional Fornberg–Whitham equations have been
studied by many authors such as Gupta and Singh [27], Saker
et al. [28], and Merdan et al. [29]. For improvement of frac-
tional calculus, the differential transform method has been
used to obtain approximate solutions of linear and nonlinear
physical problems [30–33].
In the present article, further we apply the homotopy per-
turbation transform method (HPTM) to solve the nonlinear
fractional Fornberg–Whitham equation. The advantage of this
technique is its capability of combining two powerful methods
for obtaining exact and approximate analytical solutions for
nonlinear equations. The fact that the HPTM solves nonlinear
problems without using Adomian’s polynomials is a clear
advantage of this technique over the decomposition method.
2. Basic deﬁnitions
In this section, we mention the following basic deﬁnitions of
fractional calculus which are used further in the present paper.
Deﬁnition 1. The Riemann-Liouville fractional integral oper-
ator of order a> 0, of a function f(t) 2 Cl, lP  1 is deﬁned
as [5]:
JafðtÞ ¼ 1
CðaÞ
Z t
0
ðt sÞa1fðsÞds; ða > 0Þ; ð3Þ
J0fðtÞ ¼ fðtÞ: ð4Þ
For the Riemann–Liouville fractional integral we have:
Jatc ¼ Cðcþ 1Þ
Cðcþ aþ 1Þ t
aþc: ð5Þ
Deﬁnition 2. The fractional derivative of f(t) in the Caputo
sense is deﬁned as [10]:
DafðtÞ ¼ JnaDnfðtÞ ¼ 1
Cðn aÞ
Z t
0
ðt sÞna1fðnÞðsÞds; ð6Þfor n  1 < a 6 n, n 2 N, t> 0.
Deﬁnition 3. The Laplace transform of the Caputo derivative
is given by Caputo [10]; see also Kilbas et al. [13] in the form
L½DafðtÞ ¼ saL½fðtÞ
Xn1
r¼0
sar1fðrÞð0þÞ; ðn1< a6 nÞ: ð7Þ
Deﬁnition 4. The Mittag-Lefﬂer introduced by Mittag-Lefﬂer
[34], is deﬁned as
EaðtÞ ¼
X1
k¼0
tk
Cðakþ 1Þ ; ða 2 C;ReðaÞ > 0Þ: ð8Þ3. Basic idea of HPTM
To illustrate the basic idea of this method, we consider a gen-
eral fractional nonlinear nonhomogeneous partial differential
equation with the initial conditions of the form:
Dat uðx; tÞ þ Ruðx; tÞ þNuðx; tÞ ¼ gðx; tÞ; ð9Þ
uðx; 0Þ ¼ hðxÞ; utðx; 0Þ ¼ fðxÞ; ð10Þ
where Dat uðx; tÞ is the Caputo fractional derivative of the func-
tion u(x, t), R is the linear differential operator, N represents
the general nonlinear differential operator and g(x, t), is the
source term.
Applying the Laplace transform (denoted in this paper by
L) on both sides of Eq. (9), we get
L Dat uðx; tÞ
 þ L½Ruðx; tÞ þ L½Nuðx; tÞ ¼ L½gðx; tÞ: ð11Þ
Using the property of the Laplace transform, we have
L½uðx; tÞ ¼ hðxÞ
s
þ fðxÞ
s2
þ 1
sa
L½gðx; tÞ  1
sa
L½Ruðx; tÞ
 1
sa
L½Nuðx; tÞ: ð12Þ
Operating with the Laplace inverse on both sides of Eq. (12)
gives
uðx; tÞ ¼ Gðx; tÞ  L1 1
sa
L½Ruðx; tÞ þNuðx; tÞ
	 

; ð13Þ
where G(x, t) represents the term arising from the source term
and the prescribed initial conditions. Now we apply the
homotopy perturbation method
uðx; tÞ ¼
X1
n¼0
pnunðx; tÞ; ð14Þ
and the nonlinear term can be decomposed as
Nuðx; tÞ ¼
X1
n¼0
pnHnðuÞ; ð15Þ
for some He’s polynomials Hn(u) [35,36] that are given by
Hnðu0;u1; . . . ;unÞ¼ 1
n!
@n
@pn
N
X1
i¼0
piui
 !" #
p¼0
; n¼ 0;1;2;3 . . . ð16Þ
Using (14) and (15) in (13), we get
X1
n¼0
pnunðx;tÞ¼Gðx;tÞp L1 1
sa
L R
X1
n¼0
pnunðx;tÞþ
X1
n¼0
pnHnðuÞ
" #" # !
; ð17Þ
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opy perturbation method using He’s polynomials. Comparing
the coefﬁcients of like powers of p, the following approxima-
tions are obtained.
p0 : u0ðx; tÞ ¼ Gðx; tÞ;
p1 : u1ðx; tÞ ¼ L1 1
sa
L½Ru0ðx; tÞ þH0ðuÞ
	 

;
p2 : u2ðx; tÞ ¼ L1 1
sa
L½Ru1ðx; tÞ þH1ðuÞ
	 

;
p3 : u3ðx; tÞ ¼ L1 1
sa
L½Ru2ðx; tÞ þH2ðuÞ
	 

;
..
.
ð18Þ
Proceeding in this same manner, the rest of the components
un(x, t) can be completely obtained and the series solution is
thus entirely determined.
Finally, we approximate the analytical solution u(x, t) by
truncated series
uðx; tÞ ¼ LimN!1
XN
n¼0
unðx; tÞ: ð19Þ
The above series solutions generally converge very rapidly.
4. Solution of the problem
Consider the following nonlinear time-fractional Fornberg–
Whitham equation
Dat uDxxtuþDxu¼ uDxxxuuDxuþ3DxuDxxu; t> 0; 0< a6 1;
ð20Þ
with the initial condition
uðx; 0Þ ¼ exp x
2
 
: ð21Þ
Applying the Laplace transform on both sides of Eq. (20), sub-
ject to initial condition (21), we have
L½uðx;tÞ¼ 1
s
exp
x
2
 
þ 1
sa
L½DxxtuDxuþuDxxxuuDxuþ3DxuDxxu:
ð22Þ
The inverse Laplace transform implies that
uðx;tÞ¼ exp x
2
 
þL1 1
sa
L½DxxtuDxuþuDxxxuuDxuþ3DxuDxxu
	 

:
ð23Þ
Now, applying the homotopy perturbation method, we get
X1
n¼0
pnunðx; tÞ ¼ exp x
2
 
þ p L1 1
sa
L Dxxt
X1
n¼0
pnunðx; tÞ
 !"" 
Dx
X1
n¼0
pnunðx; tÞ
 !
þ
X1
n¼0
pnHnðuÞ
 !

X1
n¼0
pnH0nðuÞ
 !
þ 3
X1
n¼0
pnH00nðuÞ
 !##!
: ð24Þ
where HnðuÞ;H0nðuÞ and H00nðuÞ are He’s polynomials [36,37]
that represents the nonlinear terms. So, the He’s polynomials
are given byX1
n¼0
pnHnðuÞ ¼ uDxxxu: ð25Þ
The ﬁrst few, components of He’s polynomials, are given by
H0ðuÞ ¼ u0Dxxxu0;
H1ðuÞ ¼ u0Dxxxu1 þ u1Dxxxu0;
H2ðuÞ ¼ u0Dxxxu2 þ u1Dxxxu1 þ u2Dxxxu0;
..
.
ð26Þ
for H0nðuÞ, we ﬁnd thatX1
n¼0
pnH0nðuÞ ¼ uDxu;
H00ðuÞ ¼ u0Dxu0;
H01ðuÞ ¼ u0Dxu1 þ u1Dxu0;
H02ðuÞ ¼ u0Dxu2 þ u1Dxu1 þ u2Dxu0;
..
.
ð27Þ
and for H00nðuÞ, we ﬁnd thatX1
n¼0
pnH00nðuÞ ¼ DxuDxxu;
H000ðuÞ ¼ Dxu0Dxxu0;
H001ðuÞ ¼ Dxu0Dxxu1 þDxu1Dxxu0;
H002ðuÞ ¼ Dxu0Dxxu2 þDxu1Dxxu1 þDxu2Dxxu0;
..
.
ð28Þ
Comparing the coefﬁcients of like powers of p, we have
p0 : u0ðx; tÞ¼ exp x
2
 
;
p1 : u1ðx; tÞ¼L1 1
sa
L Dxxtu0Dxu0þH0ðuÞH00ðuÞþ3H000ðuÞ
 	 

¼1
2
exp
x
2
  ta
Cðaþ1Þ ;
p2 : u2ðx; tÞ¼L1 1
sa
L Dxxtu1Dxu1þH1ðuÞH01ðuÞþ3H001ðuÞ
 	 

¼1
8
exp
x
2
  t2a1
Cð2aÞþ
1
4
exp
x
2
  t2a
Cð2aþ1Þ ;
p3 : u3ðx; tÞ¼L1 1
sa
L Dxxtu2Dxu2þH2ðuÞH02ðuÞþ3H002ðuÞ
 	 

¼ 1
32
exp
x
2
  t3a2
Cð3a1Þþ
1
8
exp
x
2
  t3a1
Cð3aÞ
1
8
exp
x
2
  t3a
Cð3aþ1Þ ;
..
.
ð29Þ
Therefore, the HPTM series solution is
uðx; tÞ ¼ exp x
2
 
1 t
a
2Cðaþ 1Þ 
1
8
t2a1
Cð2aÞ þ
1
4
t2a
Cð2aþ 1Þ
	
 1
32
t3a2
Cð3a 1Þ þ
1
8
t3a1
Cð3aÞ 
1
8
t3a
Cð3aþ 1Þ þ   


: ð30Þ
Figure 1 The behavior of the u(x, t) w.r.t. x and t are obtained, when (a) a= 2/3, (b) a= 3/4, (c) a= 1, and (d) exact solution.
560 J. Singh et al.5. Numerical results and discussion
In this section, we calculate numerical results of the displace-
ment u(x, t) for different time-fractional Brownian motions
a= 2/3, 3/4, 1 and for various values of t and x. The numer-
ical results for the approximate solution (30) obtained by using
HPTM and the exact solution for various values of t, x and a
are shown by Fig. 1a–d and those for different values of t and a
at x= 1 are depicted in Fig. 2.
It is observed from Fig. 1a–c that u(x, t) increases with
the increase in both x and t for a= 2/3, 3/4 and a= 1.
Fig. 1d clearly show that, when a= 1, the approximate
solution (30) obtained by the present method is very near
to the exact solution. It is also seen from Fig. 2 that as
the value of a increases, the displacement u(x, t) increases
but afterward its nature is opposite. Finally, we remark thatthe approximate solution (30) is in full agreement with the
results obtained HPM [27].
6. Conclusions
In this paper, the homotopy perturbation transform method
(HPTM) is successfully applied for solving nonlinear fractional
Fornberg–Whitham equation. The results obtained by using
the HPTM presented here agree well with the results obtained
by HPM [27]. It provides the solutions in terms of convergent
series with easily computable components in a direct way with-
out using linearization, perturbation or restrictive assump-
tions. It is worth mentioning that the proposed technique is
capable of reducing the volume of the computational work
as compared to the classical methods while still maintaining
the high accuracy of the numerical result; the size reduction
Figure 2 Plots of u(x, t) vs. t at x= 1 for different values of a.
New treatment of fractional Fornberg–Whitham equation via Laplace transform 561amounts to an improvement of the performance of the ap-
proach. Finally, we conclude that the HPTM is very powerful
and efﬁcient in ﬁnding analytical as well as numerical solutions
for wide classes of linear and nonlinear fractional partial dif-
ferential equations.
Acknowledgments
The authors are extending their heartfelt thanks to the reviewers
for their valuable suggestions for the improvement of the article.
References
[1] Young GO. Deﬁnition of physical consistent damping laws with
fractional derivatives. Z Angew Math Mech 1995;75:623–35.
[2] He JH. Some applications of nonlinear fractional differential
equations and their approximations. Bull Sci Technol
1999;15(2):86–90.
[3] He JH. Approximate analytic solution for seepage ﬂow with
fractional derivatives in porous media. Comput Methods Appl
Mech Eng 1998;167:57–68.
[4] Hilfer R, editor. Applications of Fractional Calculus in Physics.
Singapore, New Jersey, Hong Kong: World Scientiﬁc Publishing
Company; 2000. p. 87–130.
[5] Podlubny I. Fractional differential equations. New York: Aca-
demic Press; 1999.
[6] Mainardi F, Luchko Y, Pagnini G. The fundamental solution of
the space–time fractional diffusion equation. Fract Calc Appl
Anal 2001;4:153–92.
[7] Rida SZ, El-Sayed AMA, Arafa AAM. On the solutions of time-
fractional reaction–diffusion equations. Commun Nonlinear Sci
Numer Simul 2010;15(2):3847–54.
[8] Yildirim A. He’s homotopy perturbation method for solving the
space- and time-fractional telegraph equations. Int J Comput
Math 2010;87(13):2998–3006.
[9] Debnath L. Fractional integrals and fractional differential equa-
tions in ﬂuid mechanics. Frac Calc Appl Anal 2003;6:119–55.
[10] Caputo M. Elasticita e Dissipazione. Zani-Chelli: Bologna; 1969.
[11] Miller KS, Ross B. An introduction to the fractional calculus and
fractional differential equations. New York: Wiley; 1993.
[12] Oldham KB, Spanier J. The fractional calculus theory and
applications of differentiation and integration to arbitrary order.
New York: Academic Press; 1974.[13] Kilbas AA, Srivastava HM, Trujillo JJ. Theory and applications
of fractional differential equations. Amsterdam: Elsevier; 2006.
[14] He JH. Homotopy perturbation technique. Comput Methods
Appl Mech Eng 1999;178:257–62.
[15] He JH. Homotopy perturbation method: a new nonlinear
analytical technique. Appl Math Comput 2003;135:73–9.
[16] He JH. New interpretation of homotopy perturbation method. Int
J Mod Phys B 2006;20:2561–8.
[17] Ganji DD. The applications of He’s homotopy perturbation
method to nonlinear equation arising in heat transfer. Phys Lett A
2006;335:337–41.
[18] Yildirim A. An algorithm for solving the fractional nonlinear
Schro¨ndinger equation by means of the homotopy perturbation
method. Int J Nonlinear Sci Numer Simul 2009;10:445–51.
[19] Khuri SA. A Laplace decomposition algorithm applied to a class
of nonlinear differential equations. J Appl Math 2001;1:141–55.
[20] Yusufoglu E. Numerical solution of Dufﬁng equation by the
Laplace decomposition algorithm. Appl Math Comput
2006;177:572–80.
[21] Khan Y. An effective modiﬁcation of the Laplace decomposition
method for nonlinear equations. Int J Nonlinear Sci Numer Simul
2009;10:1373–6.
[22] Khan Y, Faraz N. A new approach to differential difference
equations. J Adv Res Differen Eqs 2010;2:1–12.
[23] Khan M, Hussain M. Application of Laplace decomposition
method on semi-inﬁnite domain. Numer Algor 2011;56:211–8.
[24] Khan Y, Wu Q. Homotopy perturbation transform method for
nonlinear equations using He’s polynomials. Comput Math Appl
2011;61(8):1963–7.
[25] Singh J, Kumar D, Sushila. Homotopy perturbation algorithm
using Laplace transform for gas dynamics equation. J Appl Math
Stat Inform 2012;8(1):55–61.
[26] Singh J, Kumar D, Rathore S. Application of homotopy
perturbation transform method for solving linear and nonlinear
Klein–Gordon equations. J Inform Comput Sci 2012;7(2):131–9.
[27] Gupta PK, Singh M. Homotopy perturbation method for
fractional Fornberg–Whitham equation. Comput Math Appl
2011;61:250–4.
[28] Saker MG, Erdogan F, Yildirim A. Variational iteration method
for the time fractional Fornberg–Whitham equation. Comput
Math Appl 2012;63(9):1382–8.
[29] Merdan M, Go¨kdog˘an A, Yıldırım A, Mohyud-Din ST. Numer-
ical simulation of fractional Fornberg–Whitham equation by
differential transformation method. Abstr Appl Anal 2012;2012:8
[Article ID 965367].
[30] Merdan M, Gokdogan A. Solution of nonlinear oscillators with
nonlinear fractional nonlinearities by using modiﬁed differential
transform method. Math Comput Appl 2011;16(3):761–72.
[31] Merdan M, Gokdogan A, Yildirim A. On the numerical solution
of the model for HIV infection of CD4+ T cells. Comput Math
Appl 2011;62(2):118–23.
[32] Momani S, Ertu¨rk VS. Solutions of non-linear oscillators by the
modiﬁed differential transform method. Comput Math Appl
2008;55(4):833–42.
[33] Merdan M. A new application of modiﬁed differential transfor-
mation method for modelling the pollution of a system of lakes.
Selc¸uk J Appl Math 2010;11(2):27–40.
[34] Mittag-Lefﬂer GM. Sur la nouvelle fonction Ea(x). CR Acad Sci,
Paris (Ser II) 1903;137:554–8.
[35] Ghorbani A, Saberi-Nadjaﬁ J. He’s homotopy perturbation
method for calculating adomian polynomials. Int J Nonlinear
Sci Numer Simul 2007;8:229–32.
[36] Ghorbani A. Beyond adomian’s polynomials: He’s polynomials.
Chaos Solitons Fractals 2009;39:1486–92.
[37] Mohyud-Din ST, Noor MA, Noor KI. Traveling wave solutions
of seventh-order generalized KdV equation using He’s polynomi-
als. Int J Nonlinear Sci Numer Simul 2009;10:227–33.
562 J. Singh et al.Jagdev Singh is an Assistant Professor in the
Department of Mathematics, Jagan Nath
University, Jaipur-303901, Rajasthan, India.
His ﬁelds of research include special functions,
fractional calculus, ﬂuid dynamics, homotopy
methods, Adomian decomposition method,
Laplace transform method and sumudu
transform method.Devendra Kumar is an Assistant Professor in
the Department of Mathematics, JaganNath
Gupta Institute of Engineering and Technol-
ogy, Jaipur-302022, Rajasthan, India. His
area of interest is special functions, fractional
calculus, differential equations, integral
equations, homotopy methods, Laplace
transform method and sumudu transform
method.Sunil Kumar is an Assistant Professor in the
Department of Mathematics, National Insti-
tute of Technology, Jamshedpur, 801014,
Jharkhand, India. His ﬁelds of research
include singular integral equation, fractional
calculus, homotopy methods, Adomian
decomposition method and Laplace transform
method.
